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Abstract

This whitepaper introduces our unified order book & AMM liquidity pool design. It explains the downside
of single AMM liquidity pool as well as single order book. It also covers the optimal proof of our matching
algorithm.

1. Introduction

Dradex is a protocol for decentralized token exchange on Solana, where an Order Book works together in
tandem with an AMM Liquidity Pool to provide the best prices, lowest slippage.

There are problems with current AMM models. Due to the Constant Product mechanism, the AMM Price
is based on reserve amounts of tokens in the pool, it is changing as a match happens. A larger match size
or volume (compared to the reserve amounts in the pool) would result in a larger difference (or slippage)
between the initial LP price and the final matching price. This results in highly volatile markets where
arbitragers make a lot of profit and Liquidity Providers suffer substantial amounts of Impermanent Loss.

Standalone order books, on the other hand, suffer for lack of liquidity. In the DEX environment where there
are fewer market makers than CEX, launching a new order book is much more difficult compared to AMM
liquidity pool , it lacks liquidity and becomes a highly inefficient market. Consequently, there are fewer
takers coming in to trade, then fewer makers to place maker orders. It is a death spiral. As a result, a
market order would be impractical in these markets because of this lack of liquidity and would result in huge
slippage.

Therefore, we come up with Dradex’s Unified Order Book & AMM Liquidity Model, which integrates the
Order Book model with the AMM Constant Product Liquidity formula, this increases the liquidity, reduces
slippage, also provide best price and more options in order book for user to trade.

Thanks to Solana’s speed and low transaction costs, it is feasible to implement our unique architecture on
Solana.



2. Unified Formula

2.2. Order Book definition

The traditional Order Book model works by having a list of buys and sells that traders are willing to make,
at a certain price, that price is called the limit price.

When a trader A submits a BUY order at limit price porqder, they expect it to be matched with a SELL order
at price p < Dorger (1.1)

The highest price for a BUY order on the Order Book is called the bid price ppiq , by order Op;q.

When a trader B submits a SELL order at limit price porqer, they expect it be matched with a BUY order
at price p > porder (1.2)

The lowest price for a SELL order on the Order Book is called the ask price p,si , by order Ogp.

Whenever there is a new BUY order at price porder > Dask, or a new SELL order at price porder < Dbid, (1.1)
and (1.2) are satisfied at the same time, a match occurs, and a transaction happens.

2.2. Liquidity Pool definition

In order to provide liquidity, we match the orders not only among themselves, but also against an AMM
Liquidity Pool (the LP for short), which uses the Constant Product AMM mechanism

z-y==~k

Where x and y are reserve amounts for the 2 tokens in the pool, and k is kept constant.

The Constant Product AMM mechanism has been proven effective as a means to facilitate trades on decen-
tralized exchanges without needing an order book. Turns out it is effective as a means to provide liquidity
for an order book as well.

The price of the asset in the pool (the LP Price) is determined as

p _Y
lp T

It is treated like a permanent, omnipresent BUY & SELL order at a dynamic price p;, on the exchange,
therefore, whichever BUY order that has porger > pip (satisfies (1.1)), or SELL order that has porger <
pip (satisfies (1.2)) would be matched with it and be filled by the LP as if it is the other trading side.

2.3. Unified AMM liquidity pool & order book model.

The state of a hybrid AMM liquidity pool and a order book for a pair A/B can be defined by following.
Liquidity pool:

xo : the total number of X tokens in the liquidity pool

yo: the total number of Y tokens in the liquidity pool

k: the constant product £k =x¢ - o



Order book:

Ask list: (pask;s Sask;) , ¢ = 1, 1 . p means price, s means size, ny is the number of ask orders in the
order book.

Pask; < paski_H

Bid list: (ppid;, Swid;)s ¢ = 1, ng. P means price, S means size, ny is the number of bid orders in the
order book.

Pvid; > DPbidiyq

Characteristic of liquidity pool and order book

Doidiy < Pip < Pask,

2.3.1. Matching against a BUY order

When a new BUY order O with volume vopqer > 0, at limit price porger > pip is submitted to the exchange,
a match can occur between the LP or maker order from order book and this order. The objective is to
maximize the matching volume v, then the minimize matching price p,, to buy v, tokens such that we
don’t violate the below constraints.

Constraints:

1. The final matching price p,, cannot exceed the order’s limit price:  (Cq)

Pm < Dorder

2. The price of liquidity pool after matching cannot be worse than the target price: (Cs)

p;p < py =min {porder7 pasks}

Where pgsk, is the lowest ask after matching with order O done.

3. BUY order can only be matched against SELL orders with lower prices pask < Porder : (Cs3)

First step: we need to find the maximum volume v,,we could fill for order O without violate the con-
straint C1.

Apparently we will try to fill as much as possible from both liquidity pool and order bool.
We take all the any ask order such that

Pask < DPorder
Vomax — Z: -1 Sask,;a where Pask; < Porder

Vl,..,. 18 the maximum match size we could fill from only the liquidity pool without violating (C1), (Ca)
and (Cs).

Ummax = Vomax T Vlmax-

t . .

Vope = Zz _ 1 Sask;,» Where t is the maximum number such that pesr, < Dorder
_ k

Ulmax Lo = A\ Doraer



U 18 the volume we match for buy order O, without violating 3 constraints (Cy, Cs,C3)

Uy, = INiN {Ummaxa Uorder}

If vmpe < Vorder, then we can simply fill v, .., v
respectively.

Lagainst the order book and the liquidity pool,

ma

if Uy > Vorder, then we can fully fill the order. Our combined model is able to fill vorger With better
price than p,.qe-- We need to determine the optimal matching volume from liquidity pool v; and vorger — v;
from order book in order to minimize the matching price p,,.

If there is no ask with better price than py.ger, then v,, = v; = min (azo — /7 kd , vmdw)

Second step: we need to determine the optimal matching volume to take from liquidity pool and order
book each to fill v, with best price.

Let t9 be the maximum ¢ such that Z; _ 18ask; < Um, Pask; < Porder-

If Paskiy41 > Porders We could add an extremely small order with price po;qer —€1 and size €s. where €1, €2 —
0. Then we could assume Pask,, — Dorder

Let k;, = Z;zlsaskj fort = 1, to+1and kg = 0

Let v; be the optimal matched size from liquidity pool and v, = wv,, — wv; is the optimal matching size
from order book.

Let f (v;) be the cost function, representing the amount of money the user has to pay for v,, tokens of X.
Then we could split the range for v; to below intervals:

[Um — ki, vm — kiq]fori=1,tg+1

Then

fi(u) = (xo L o~ Yo ) + [(Z;;llpaskj -Saskj) + (Sorder - - 23—21 1Saski:j_1)' pask7¢:|
Where

s o — Yo s the matching cost from liquidity pool

and [(Zézlpaskj -Saskj) + (Sorder - v = ZE_:l 1saskj,1> . Pask,-} is the matching cost from order
book.

And v € (v — ki, v — kiq]fori = 1, tg+1

fto—‘rl (’Ul) = (270 ]i v Yo ) + (Z;Ll Pask; - Saskj> + (Sorder B Z;OZ 1 Saskj> . pasktU_H fori =
to +1

Then we need to determine the optimal v;, for each interval to minimize the cost in fi(m )

From ¢ty +1 optimal points, we could pick the most optimal v;;. This is the optimal matching volume against

liquidity pool we need to find i such that fl,(w) is minimum.

For i =1, tg+1
fi (Ul) = (CEO ]i v — Yo )+ [(Z;;llpaskj . Sask:j) + (Sorder - U — 237:1 15askj71> . paskl}
- ki*l}

(%) 6(vm - kivvm
Taking the first derivative, we study the behavior of the cost function:

fll (Ul) = —k 5 - Pask;

(wo — w)?



fllv)) =0 < v =z — E_—

Pask; “min

fi(w) > 0 when v, > v,

in

fl(v) < 0 when v, < v

min

Then consider the interval v; € [vy, — ki) Um — ki—1]:

If v < Uy — k; then f; (v;) has minimum at v; = v, — k;

If v, > vy — ki1 then f; (v;) has minimum at v; = v, — ki—1
We have:

® Dasky < Pasks < Pasks < ... < Paskq i1 < Dorder

_ _JE <« =z — /% =1x0— /=% =
— 0 = = P = Ul Zo Pask; < U, Zo Pasky < e S Ul

T — k (2.3.1.1)

paskt0+1

o ko < k1 <ke <.. < k41

SV = Um—ko > U —k1 > vy —ka > 0 > 0p — kg > U — kggy1 (2.3.1.2)

Case 1: v, = To — pafkl > vy — ko

fi(v) where vy € (vm — ki, vm — ki—1] is minimum at v, = v, — ki—1 since vy,
U — ki1

fi1 (v)) where v; € [vy, — ki—1, Um — ki—2] is continuous at v; = v, — kg—1 and

fi—1 (v;) is minimum at v; = v, — k;_o since Uiy, > Um — ki_o

then fi—1 (Vm — ki—2) < fi(vm —ki—1)

Then f1 (v — ko) = f1 (vy) is the optimal cost we need to find, the volume matching against

liquidity pool we need to find is v,,.

Case 2: vy, < vy, — ko and Vlyyyn,, = Um — kty+1

min min

From (2.3.1.1) and (2.3.1.2) there exists 6 such that v, —kg < v, < vy — ko1

min

Fori <0, f;(v) where v; € (v, — ki, Vm — ki—1]

® V.

i

o<y, L vy —kemr < vy — Ky

Then f; (v;) has minimum at v,, — k;

Alsoifi+1 < 6, fir1 (v;) has minimum at v,, — k;1+1 and is continuous at v,, — k;

Then fi (vm — ki) < fix1 (vm —kixa) < oo < fo (vm — ko) < fo (“lemin>
Similarly, for ¢ > 0, f; (v;) where v; € (v — kiy Um — ki—1]

e Y > v, > Uy — ko > Uy — kilq

“min min

Then f; (v;) has minimum at v,, — k;—1

Alsoifi—1 > 6, f;—1 (v;) has minimum at v,, — k; and is continuous at v, — k;_1

Then f; (vm —ki—1) < fic1 (vm —kic2) <. < fo(vm — ko—1) < fo (Ulemm)



Then fy (Ulemin) is the optimal cost we need to find, and the volume matching against liquidity

k
Paskg

pool we need to findisv;,, = zo —
min

We price that 6 also unique. Assume otherwise, there is 2 optimal 6; < 65

Then vy, — kg, < Ulg, < Uy —kop—1 < vy — kg, < Ul < Uy —koy—1

min in

U — ko, < Um — kg, & ke, > kg, & 01 > 02 (contradiction!)

Therefore 6 is unique and optimal.

Then zy — pa’:kg is the optimal matching volume against liquidity pool we need to find. It is
also easy to see that zp — Pul:ke satisfies constraints (C1), (Ca)

Case 3: Vipa < Um — Kot

fi (v;) wherev; € (v, — ki, vm — ki—1]is minimum at v; = v, —k; since v < v — Ky
fi—1 (v;) wherev; € vy — ki—1, vm — ki—2] is continuous at v; = v, — kg_o and

fi—1 (v;) is minimum at v; = v, — k;_o since vy < Um — ki—2

then fi_1 (vm — kic1) > fi(vm — ki)

Then fio4+1 (Um — kio41) is the optimal cost we need to find, the volume matching against

liquidity pool we need to find is vy, — ke, 41.
To summarize the optimal result for matching against a BUY order:
U, 18 the volume we match for buy order O, without violating constraints (Cy, Cs,C3)

Umaay 1S the maximum volume we could match from liquidity pool and order book without violating
constraints (Cy, Cy, Cs)

Uy = INin {Ummaxa Uorde?“};

v; is the optimal volume we match from liquidity pool, v,, — v; matched from order book in order to offer
the best price.

e If there is no ask order at all,v,, = v; = min ( Ty — ,/ﬁ, vm,der)
e If there are asks,

k

Case 1: g — > v, then v, = vy,
Pask;
. _ k _
Case 2: Vlpyr,, = %0 — - < VU — Kig41 then vy = vy, — kyo41
win{poriers perris ]
Case 3: else
_ _ _ k
v = Y, = %0 Paskg
Where 0 satisfies: v,, —kg < v, . =20 — 5 kk < vy — ko_1
min as 6

and k; = ZZ _ 1 Sask;-
2.3.2. Matching against a SELL order

We could define a similar steps matching against a buy order above, to get the optimal result as follow.



U 18 the volume we match for sell order O, without violating constraints (Cy, Csy, Cs)

Uminay 1S the maximum volume we could match from liquidity pool and order book without violating con-
straints (Ol, 02, 03)

Um = NN {vmmaxa 'Uorder}

v; is the optimal volume we match from liquidity pool, v,, — v; matched from order book in order to offer
the best price.

e If there is no bid order at all, v,,, = v; = min (, / - kd — To, vorder>
e If there are bids,

Case 1: ,/p’? — X9 > Upy then v, = v,
bidq

Case 2: v, ., = - k — 20 < Vm — kg41 then vy = vy, — ki1
07 min mln{pordera paskt0+1}

Case 3: else

_ _ k_
u= Yy, = Pbidg To
Where 6 satisfies: v,, —ky < v, = pzﬁd —x20 < U —ko_1
min £ 0

— J )
and k‘j = Zl — 1 Sbid; -

3. The Unified Matching Algorithm

We propose a matching algorithm and prove that it offers a best price for any of combination of matching
size from liquidity pool and order book.

3.1.1. The algorithm

We propose a matching algorithm based on the Unified Formula in Section 2.
For a new order with size vy,der and price porger submitted onto the exchange, we do the following:

1. remaining <— Vorder
2. If remaining < 0, stop matching.

3. Calculate the match size: v; = xg —4/ % , where p; = min {porder, Pask} for BUY; v, = p% — X0

, where p; = max{porder, Pria} for SELL

4. If v; > 0, match the order against LP with match size v; = min {v;, remaining}; then update LP
reserve amounts, and update remaining < remaining — v

5. If possible, match the order against the best available offer O, fe, in the order book (Ogsi, for BUY, Opig
for SELL) with size v, = min{v,sfer, remaining}, then update remaining <« remaining — v,. If
not possible, break the loop, stop matching.

6. Go back to 2

3.2.1 Optimal proof

It is easy to see that our algorithm is greedily taking the maximum volume against liquidity pool such that
it satisfies constraint (C}), (C3), (C3) at each step.



We will prove that if the result from our algorithm matches the optimal result we found in section (2.3)

Again, we only prove for matching a BUY order. For SELL order, we handle similarly.

Note: If we split § — §; + 02 and match against Liquidty pool. There is no impact, the LP state (z, y, k)

after matching against § or against 7 — Jo is still the same
If there is no ask at all, our algorithm got the optimal result in step 4 and stop.

If there are asks:

If g — k_ >~ w,,, the algorithm stop at step 5 and got the optimal result.

Paskq

else:

Let 8 be the number of iterations our algorithm takes. Then the we have two cases.
Case 1: stop at step 2

Let v;; be the volume of our algorithm matching against liquidity pool in iteration i.

Vo, be the volume of our algorithm matching against order book in iteration .

We prove by induction that v;, = \/pasf%l — \/paljki and vy = xg — \/E, x; = \/E
1,B8. (3.2.1.1)
If 8 =1, then

b = To — pafkl

o :\/E’ y1 = = = VEDaskys Pips = @kskl: Pask:

Pask Pask,
Vo, = Um — VI
(3.2.1.1) is true for 8 =1

If 5 > 1, then.

Fori =1:

b=t = To = pafkl

(3.2.1.1) is true for i =1
For i = 2:

Vo, = Sask:

— _ k_ _ k _ k
Vi, =71 \/past - \/paskl \/paskg

_ _ -~ k [k _ [k )\ _ _ k
o =yt v, = (.%'0 Pasky ) + ( Paskq ;Dast) Lo Pasky

(3.2.1.1) is true for i = 2

Assume (3.2.1.1) istruefori = j <.
Fori = 54+ 1:
We have:

— . k ko k
g+1 = Tk Pask; - Pask; Pask;
J+1 J J+1

U

for i =



_ _ k E_ k _ _ k
= (1‘0 Pask; ) + (\/paskj paskj+1> o Paskjq

Tj+1 =To — U = pasfjﬂ
Then (3.21.1)is true fori = j+1

By induction then (3.2.1.1) is true.

The algorithm stops at step 2 means:

k
paskﬁ

vm —kg < vp=x9— < vy —kg_1.

Therefore, 3 is one of 6

Since 6 is unique, proved in section (2.3), then the algorithm is optimal in this case.
Case 2: stop at step 5

This means either steps 4 has filled all the orders or there is no more ask orders to fill.

This falls within case 1 and case 2 in the above summary.

In both cases, our algorithm returns the optimal result.

3.2. Handling Market Orders

Market Order is a special order that doesn’t have a limit price:
Porder = 00 for BUY and pyrger = 0 for SELL
Thus the target price would be the best available offer price in the order book

B ) Pask for BUY
Pt = Poffer = Priqg for SELL

We then apply the same remaining calculations and procedures as outlined in Section 2.3 and 3.1.

4. Conclusion

We have proposed a way to integrate the traditional Order Book with an AMM liquidity pool, using the
Unified Formula and the Unified Matching Algorithm.

This integration allows the exchange to match orders with the best available price at any moment, whether
that price is from the AMM Liquidity Pool or the Order Book. The two system work together in tandem
and result in the minimum slippage for traders.

As a result, Dradex exchange is able to provide low slippage Market Order, because the exchange doesn’t
have to rely entirely on market makers, it can tap into the AMM Liquidity Pool for liquidity. Even when
there are no matching orders in the order book, the final slippage would be equivalent to that of a typical
AMM exchange based on the Constant Product formula (e.g Uniswap, Pancakeswap).



